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Abstract 

In this paper, we are concerned with the study of the dimension theory of tensor products of algebras over 
a field k. We introduce and investigate the notion of generalized AF-domain (GAF-domain for short) and 
prove that any fc-algebra A such that the polynomial ring in one variable A[X] is an AF-domain is in fact a 
GAF-domain, in particular any AF-domain is a GAF-domain. Moreover, we compute the KruU dimension 
of A ®fe B for any fc-algebra A such that A[X] is an AF-domain and any fc-algebra B generalizing the main 
theorem of Wadsworth in [16]. 

MSC (2000): 13C15; 13B24. 



1. Introduction 

All rings considered in this paper are commutative with identity element and all ring 
homomorphisms are unital. Throughout, k stands for a field. We shall use t.d.(j4 : k), or 
t.d.(^) when no confusion is likely, to denote the transcendence degree of a A;-algebra A over 

(A 1 

k (for nondomains, t.d.{A) :— supl t.d.( — ) : p G Spec(yl) >), A[n] to denote the polynomial 

ring ...,Xn] and p[n] to denote the prime ideal p[Xi, ...,X„] of A[J'('i, ...,X„] for each 

prime ideal p of A. Also, we use Spec(A) to denote the set of prime ideals of a ring A and C 
to denote proper set inclusion. All fc-algebras considered throughout this paper are assumed 
to be of finite transcendence degree over k. Any unreferenced material is standard as in [8], 
[12], [13] and [14]. 

Several authors have been interested in studying the prime ideal structure and related 
topics of tensor products of algebras over a field k. The initial impetus for these investigations 
was a paper of R. Sharp on KruU dimension of tensor products of two extension fields. In 
fact, in [15], Sharp proved that, for any two extension fields K and L of k, dim(K L) = 
min(t.d.(_ftr), t.d.(i)) (actually, this result appeared ten years earlier in Grothendieck's EGA 
[10, Remarque 4.2.1.4, p. 349]). This formula is rather surprising since, as one may expect, 
the structure of the tensor product should reflect the way the two components interact and 
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not only the structure of each component. This fact is what most motivated Wadsworth's 
work in [16] on this subject. His aim was to seek geometrical properties of primes of A<S)kB 
and to widen the scope of algebras A and B for which dim(^ (E)k B) depends only on indi- 
vidual characteristics of A and B. The algebras which proved tractable for KruU dimension 
computations turned out to be those domains A which satisfy the altitude formula over k 
(AF-domains for short), that is, 

+t.d.(^) = t.d.(A) 

for all prime ideals p of A. It is worth noting that the class of AF-domains contains the most 
basic rings of algebraic geometry, including finitely generated fc-algebras that are domains. 
Wadsworth proved, via [16, Theorem 3.8], that if Ai and A2 are AF-domains, then 

dim(Ai A2) = min(^dim(Ai) -Ft.d.(A2), t.d.(>li) -h dim(>l2)) . 

His main theorem stated a formula for dim(j4 (8)fe B) which holds for an AF-domain A, with 
no restriction on B, namely; 



dim(A(g)feB) = D{tA.{A),d:\m{A),B^ 

:= max|/ii(g[t.d.(^)]) + mm(t.d.{A), dim(A) + t.d.(— : q G Spec(B)| 
[16, Theorem 3.7]. 



On the other hand, in [11], Jaffard proved that, for any ring A and any positive integer n, 

the KruU dimension of A[n\ can be realized as the length of a special chain of A[n\. Recall 

that a chain C = {Qo C Qi C ... C Qs} of prime ideals of A[n] is called a special chain if 

for each Qi, the ideal {Qi D A)[n] belongs to C. Subsequently, based on the thorough and 

brilliant work of J. Arnold in [1]. Brewer ct al. gave an equivalent and simple version of 

Jaffard's theorem. Actually, they showed that, for each positive integer n and each prime 

P 

ideal P of A[n\. ht{P) = ht{q[n]) + ht{—^A [7, Theorem 1], where q := P r\ A. Taking into 

m\ 

account the natural isomorphism _B[n] = k[n] ®k B for each fc-algobra B, we generalized in 
[5] this special chain theorem to tensor products of fc-algebras. Effectively, we proved that 
if A and B are fc-algebras such that A is an AF-domain, then for each prime ideal P of 

A(S)k B, 

ht(P) - ht(A ®k q) + ht{-^) = ht{q[tA.(A)]) + ht{^^), 

where q = Pf\B (cf. [5, Lemma 1.5]). It turns out that this very geometrical property totally 
characterizes the AF-domains. In fact, we proved, in [4], that the following statements are 
equivalent for a domain A which is a fc-algebra: 
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a) A is an AF-domain; 

b) A satisfies SCT (for special chain theorem), that is, for each fc-algebra B and each 
prime ideal P of A (g)/; B with q:= PCiB, 



ht{P) = ht{q[iA.{A)]) + ht{ 



P 



) = ht{A®k q) + ht{ 



P 



) [4, Theorem 1.1]. 



A®k<l 



A(E)kq 



In view of this, it is then natural to generalize the AF-domain notion by setting the following 
definitions: 

We say that a fc-algcbra A satisfies GSCT (for generalized special chain theorem) with 
respect to a fc-algebra B if 



and we call a generalized AF-domain (GAF-domain for short) a domain A such that A 

satisfies GSCT with respect to any fc-algcbra B. 

There is no known example in the literature of a /c-algebra A which is a domain and which 
is not a GAF-domain. This may lead one to ask whether any A;-algebra which is a domain 
is a GAF-domain. The object of this paper is to handle the following question: 

(Q): Is any domain A which is a fc-algebra such that the polynomial ring A[n] is an AF- 
domain, for some positive integer n, a GAF-domain? 

It is significant, in this regard, to note that if A is an AF-domain then A[n] is an AF-domain 

for each integer n > 0, and using pullback constructions, Proposition 2.1 shows that these 
two notions do not coincide by providing a family of /c-algebras A such that A is not an 
AF-domain while there exists a positive integer r such that the polynomial ring A[r] is an 
AF-domain. In the present paper, we give partial results settling in the affirmative the 
above question (Q). First, we prove that an AF-domain A is in fact a GAF-domain, thus in 
particular, any finitely generated algebra over k which is a domain is a GAF-domain. Also, 
through Proposition 2.5, we prove that (Q) has a positive answer in the case where A is 
one-dimensional. Whereas, our main result. Theorem 2.8, tackles the case n = 1 of (Q). 
It computes dim(^ (gifc B) for a fc-algebra A such that A[X] is an AF-domain and for an 
arbitrary fc-algcbra B generalizing Wadsworth's main theorem [16, Theorem 3.7] and further 
asserts that A is a GAF-domain. We end this paper by an example of a GAF-domain A 
such that, for any positive integer n, the polynomial ring A[n] is not an AF-domain. 

Recent developments on height and grade of (prime) ideals as well as on dimension theory 
in tensor products of /c-algebras are to be found in [2-6] . 
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2. Main results 



In this section, we handle the question (Q) set above. 

First, for the convenience of the reader, we catalog some basic facts and results connected 
with the tensor product of fc-algebras. These will be used frequently in the sequel without 
explicit mention. 

Let A and B be two fc-algebras. If p is a prime ideal of A, r = t.d.f— ) and xi, are 

P 

elements of — , algebraically independent over fc, with the Xi G A, then it is easily seen that 
V 

algebraically independent over k and pfl 5 = 0, where S = k[xi, Xr] \ {0}. If 

A is an integral domain, then ht{p)+t.d.{—) < t.d.(^) for each prime ideal p of A (cf. [14, 

p. 37] ). Now, assume that S'l and ^2 are multiplicative subsets of A and B, respectively, 
then S^^ A(g)k 82'^ B 9^ S^'^{A^kB), where S = {si®S2 : si G Si and S2 G 82}- We assume 
familiarity with the natural isomorphisms for tensor products. In particular, we identify A 
and B with their respective images in A B. Also, A®k B is a. free (hence faithfully flat) 
extension of A and B. Moreover, recall that an AF-domain A is a locally Jaffard domain, 
that is, ht{p[n\) — ht{p) for each prime ideal p and each positive integer n [16, Corollary 3.2]. 
Finally, we refer the reader to the useful result of Wadsworth [16, Proposition 2.3] which 
yields a classification of the prime ideals of A(S:kB according to their contractions to A and B. 

We begin by recalling from [2], [5] and [16] the following useful results. 

Our first result allows to construct a bunch of fc-algebras A arising from puUbacks which 
are not AF-domains while there exists an integer n > 1 such that A[n] is an AF-domain. 

Proposition 2.1 [5, Proposition 2.2]. Let T he an integral domain which is a k-algebra, 

T 

M a maximal ideal ofT, K := — and ip :T ^ K the canonical surjective homomorphism. 

Let D be a proper subring of K and A := ip~^{D). Assume that T and D are AF-domains. 
Let r := t.d.{K : k) and s = t.d.{D : k). Then the polynomial ring A[r — s] is an AF-domain. 

Recall that, by [9] , under the hypotheses of Proposition 2. 1 , ^4 is an AF-domain if and only 
if i.dL.{K : D) = r — s = 0. Thus, whenever r > s, the issued pullback A is not an AF-domain. 

Proposition 2.2 [2, Lemma 1.3]. Let A and B he k-algehras such that B is a domain. 
Let p he a prime ideal of A. Then, for each prime ideal P of A^kB which is minimal over 
P®k B, 

ht{P) = ht{p (8)fe B) = ht{p[t.d.{B)]). 
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Proposition 2.3 [16, Proposition 2.3]. Let A and B be k-algebras and let p C p' be 

prime ideals of A and q ^ q' be prime ideals of B. Then the natural ring homomorphism 

A B A B - 

(p : > — — such that (p(a ^kb) = a®kb for each a & A and each 

p®kB + A®kq P q 
b G B, is an isomorphism and 

p'^kB + A^kq\ P' B A q' 
p^kB + A^kQ. P Q P Q 



Wc establish the following easy result which is probably well known but we have not 
located references in the literature. 

Proposition 2.4. Let A be ring. Let I C J be ideals in A. Then 

ht{I) + ht{j) < ht{J). 

Proof. If both I and J are prime ideals, then the result easily follows. Fix a prime ideal Q 
of A that contains J. Let P be a minimal prime ideal of / contained in Q. As ht{I) < ht{P) 

and ht{P) + ht{^) < ht{Q), we get ht{I) + ht{^) < ht{Q) for each minimal prime ideal 
P of I contained in Q. Hence ht{I)+max.{ht{^) : P is a minimal prime ideal of A over / 
contained in Q} = ht{I) + ht{Y) < ht{Q). Therefore 

ht{I) + ht{j) < ht{I) + ht{j) < ht{Q) 

for each prime ideal Q of A containing J. It follows that 

ht{I) + ht{j) < mm{ht{Q) :JCQg Spec(A)} = ht{J), as desired. □ 

We begin by proving that an AF-domain is a GAF-domain. 

Proposition 2.5. Let A be an AF-domain. Then A is a GAF-domain. 

Proof. Let P be a prime ideal ofA^kB,p = Pr\A and q = P Ci B. By the special chain 
theorem for tensor products [5, Lemma 1.5], 

P 

ht{P) = ht{A ®k q) + ht{- ). 

Ai^kQ 

P B P B - 
Also, note that — is a prime ideal of A^k — such that — n — = (0). Then 

Aigikq q A®kq q 
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P B 
— survives in the locahzation /cbCo) of A®f. — , where A;b(o) denotes the quotient 

field of — , so that, by a second application of [5, Lemma 1.5], we get 

^A^kq q \p®k{B/q)J 

= M^^4±^) + M( ), 

AiSikq p^kB + A^kq 

p ®k B + A(^k q B 
as =p^k — via Proposition 2.3. Applying Proposition 2.4, it follows that 

A(gikq q 

ht{P) = ht{A Ofc q) + ht{ '' • ' f + '^ )+ht{ ) 

^ ^ ^ ^ ^ A(Eikq ^p®kB + A®kq 

P 

< ht{p ®k B + Ai^kq) + ht{ 



pigik B + Aigik q 
< ht(P). 

Then the equality holds, completing the proof. □ 

The following result settles in the affirmative the above question (Q) in the case where A 
is one-dimensional. 

Proposition 2.6. Let A he a one- dimensional domain such that A[n] is an AF-domain for 
some positive integer n. Then A is a GAF-domain. 

Proof. Let B be a /c— algebra and P a prime ideal oi A^kB with p = P^A and q = PCiB. 
Then, applying [2, Theorem 1.1], we get 

ht{P) = max|/ii(gi[t.d.(A)]) + ht{—[t.d.{-)]) + ht{p[t.d.{—)]) : 
L qi p qi 

1 P 

qi e Spec(B) with qiCq\ + ht{ ). 

J p^k B + AiSikq 

Then, for each minimal prime ideal Q of p <Sik B + A ®k q^ we get 

ht(Q) = max(/it(gi[t.d.(y4)]) + ht( — [t.d.{-)]) + ht(p[t.d.(—)]) : 
L qi p qi 

qi G Spec(B) with qi C g|, 

so that 
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ht{p^kB + A(g,k q) = mayi\ht{qi[t.d.{A)]) + ht{ — [t.d.{-)]) + ht{p[t.d.{—)]) : 

L qi p qi 

qi G Spec(-B) with qi Cq^. 

It follows that 

ht{P) = ht{p ®kB + A^kq) + hti——5—r-—). 

p^k B + A'S)kq 

Then A is a GAF-domain, as desired. □ 

Next, we announce the principal result of this paper. It tackles the case n = 1 of the 
above-sited question (Q) and generalizes the main theorem of Wadsworth in [16], namely: 
If A and B are /c-algebras such that A is an AF-domain, then 



dim{A^kB) = D(^t.d.{A), dim{A),Bj 

:= max|M(g[t.d.(A)]) + mm(t.d.{A), dim(A) + t.d.( — : q G Spec(B)| 
[16, Theorem 3.7]. 

This equality might be rewritten in the following way which evokes our next general formula, 

{B f A B \ 

/it(g[t.d.M)]) +M(p[t.d.(— )]) +min(t.d.(-),t.d.(— )) : 
q ^ P q ' 

p e Spec(A) and q G Spec(i?)|( as A is a locally Jaffard domain). 

First, it is worthwhile recalling the following definition and results from [3] and [5]. Let 
A and B be fc-algebras and P be a prime ideal of A ®k B. Let go G Spec(i?) such that 

go C P n B. We denote by a(^(., go), p) the maximum of lengths of chains of prime ideals 
oi A®kB of the form Pq C Pi C ... C Pa = P such that PiCiB = go, for i = 0,l, s - 1. 
Applying [3, Lemma 2.4], if A and B are integral domains, then 

a((.,(o)),p) < t.d.(^)-t.d.(^) + K#.d.(^)]) + K^^^^^^^). 

Further, recall that, if A is a fc-algebra and n > is an integer, then the polynomial ring 
A[n] is an AF-domain if and only if 

ht(p[n]) + t.d.(-) = t.d.(A) 
P 

for each prime ideal p of A [5, Lemma 2.1]. 

Theorem 2.7. Let A be a k-algebra such that the polynomial ring A[X] is an AF-domain. 
Let B be an arbitrary k-algebra. Then the following statements hold: 

a) If P is a prime ideal of A <S:k B , p = P Ci A and q = P (IB, then 
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ht(P) = max\ht(qi\t.d.(A)]) + ht(pi[t.d.(—)]) + ht(—[t.d.(—)]) + ht(—[t.d.(-)]) : 
L qi qi pi pi q 

Pi C p and gi C q are prime ideals of A and B, respectively^ + 



ht{ ). 

b) dim{A B) = max{ht{qi[t.d.(A)]) + ht(pi[t.d.{—)]) + ht{—[t.d.{—)]) + 

I- qi qi Pi 

ht{—[t.d.{ — )]) + min(t.d.(—), t.d.{—)\ '■Pi C p G Spec{A) and (/i C g g Spec{B) > . 
pi q \ p q J J 

c) A is a GAF-domain. 

Proof, a) Step 1. B is an integral domain. 

If tA.{B) = 0, then B is an algebraic extension field of k, and thus, by [5, Lemma 1.5], we 
arc done. Next, assume that t.d.(i?) > 1. By Proposition 2.2 and Proposition 2.3, we get, 
Vpi C p e Spec(A) and Vgi C g g Spec(i?), 

M(gi[t.d.(A)]) = ht{A®kqi), 

M(p,[t.d.(^)]) = ^) = /^^(^^^^i^-^), 

qi qi A (Sk qi 

M(^[t.d.(^)]) = ht{P^^j4±4^), ^nd 
qi Pi'^ ^Pi<^kB + A^kqi 

Pi q pi®kB + A®kq 

It follows that, Vpi C p G Spcc(^) and Vqi C q g Spec(i3), 

/it(gi[t.d.(A)]) + /ii(pi[t.d.(-)]) + M(^[t.d.(-)]) + M(^[t.d.(-)]) = 

qi qi Pi Pi q 

ht{A®kqi)+ht{ P'^'^^^^'''' ) + ht{ P'^'^ + f^"' ) + ht{ P^'l+^^^"^ ) < 



ht(j) ^k B + A<S:kq), by Proposition 2.4. 

Consequently, 



max(/ii(gi[t.d.(A)l) + ht(pi[t.d.(—)]) + ht( — [t.d.(—)]) + ht(—[t.d.(-)]) : pi C p and 
L qi qi pi pi q 
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1 p 

gi C g are prime ideals of A and B, respectively > + ht( — ) < 

J piSikB + A^kQ 

P 

ht{p <»kB + A<»kq) + ht{———-——) < ht{P). 

p(g)k B + A(g)k q 

Our proof of the reverse inequality uses induction on ht{p) and ht{q). First, note that 

(1) max\ht{q[t.d.{A)]) + ht{p[t.d.{-)]), ht{p[t.d.{B)]) + ht{q[t.d. {-)])} < 

(. q p ) 

max(M(gi[t.d.(A)]) + ht(pi[t.d.( — )]) + ht( — [t.d.(—)]) + M( — [t.d.(-)]) -.piQp and 
L qi qi pi pi q 

9i C g are prime ideals of A and B, respectively |, it suffices to take 



Pi=P \ Pi=P 

and < 

qi = q I 91 = (0)- 

The case where cither ht{p) = or ht{q) = is fairly easy applying [5, Lemma 1.5]. Then, 
assume that ht{p) > and ht{q) > 0. Suppose that t.d.( — ) > 1 and let a; € -B such that x 

is a transcendental element of — over k, and put S := klx] \ {0|. Then, 

q 

X is transcendental over A (we identify x with its image 1 (E)k x through the 

canonical injection B —y A B) 

S-^{A <»kB)^A ®fc S-^B ^ (^A Ofe fc(a;)) ^k(^) S-^B ^ S-^A[x] ®fe(^) S-^B 

qns = $ 

S-ip e Spec(s'-iyl[a;] Ofc(^) S-^b) 

S'~^A[a;] is an AF-domain, by hypotheses. 
Hence 

htiP) = htiS-^P) = ht{s-^A[x] S-^q) + /^<;^.r4[|9j^) , 

via [5, Lemma 1.5] 



ht({A 0fc k{x)) ^kix) S-^i 



ht 



= htiA<,,S~^q) + hti^^^^) 



{A (S)k k{x)) (S)k(^) S-^q 
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p 

ht{A (g)fc q)+ht{—- — ) 

ht{q[t.d.{A)]) + ht{p[ t.d.(^)]) + ht{——-^-——), by [5, Lemma 1.5], 

P J ^ ^ ~ p(^kB + A®kq . p o Q 

smce -; n — = (0) and p0k — = -, via Proposition 2.3, 

Aigikq q q AiSikq 

sothat^/^^^^^)- ^ 



p Ofc {B/q) p®kB + A(gikq 

B-,,. / 9 r J /^M^ u rP t ^ rB, 



max(/it(gi[t.d.(A)]) + ht{pi[t.d.{-)]) + ht{^t.d.{-)]) + M(^[t.d.(-)]) : 
L qi qi Pi Pi q 

Pi Cp and gi C 5 are prime ideals of A and B, respectively | + 



ht{ 7^ ), by (1) 

^p'»kB + A(^kq 

< ht{P), then the equality holds, as contended. 

Next, suppose that t.d.( — ) = 0. Then, by [16, Proposition 2.3], P is a minimal prime ideal 

of p (g)fe B + A (8)fe g. Let Q G Spec(A (g)fc B) such that Q C P and ht{P) = 1 + ht{Q). Let 
p' = QCi A and q' = Qf\B. Then either p' dp or: q' c q. Three cases arise. 

B Q B I q' B 

Case 1. g' C g and g' / (0). Then t.d.(— ) > 1 since 1 < M(^)+t.d.(-^^) < t.d.( — ), 

so that, by the above discussion, 

O P 
ht{Q) = ht{A 0fe q') + ht{——^ — -), and hence ht{P) = ht{A 0^ g') + ht{- ^ 



'A®kq' AOfeg' 

Q B 

As ^ (0), ht{—) < ht{q)^ then by inductive hypotheses with respect to A — , we get 
^*^a£^^ = max{M(^[t.d.(A)]) + M(pi[t.d.(^)]) + /xt(^[t.d.(^)]) + ht{^^[t.d.{^)]) : 

g' C C g and pi C p are prime ideals of A and B, respectively | + 
P 

ht( : ), as, by Proposition 2.3, 

^p®kB + A<»kq 

P/{A<B>kq') ^ P/{A®kq') ^ P 



p(g)k{B/q')+A®k{q/q') (p^k B + A<gik q)/{A®k q') p®kB + A®kq' 
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Therefore 

ht{P) = ht{q'[tA.{A)])+max\^ht{^[t.d.{A)]) + ht{pi[t.d.{^)]) 



+ 



(1 A p B 

ht( — [t.d.( — )]) + ht( — [t.d.( — )]) : pi Cp and g'' C C g are prime ideals of 

qi Pi Pi q ^ 
-| P 
A and respectively > + hti ) 

max{/it((7'[t.d.(A)]) + /it(^[t.d.(A)]) + /it(pi[t.d.(-)])+ 

q A p B 

ht( — [t.d.( — )1) + ht( — [t.d.f — )1) : »i C p and g' C gi C q are prime ideals of 
qi Pi Pi q 

~1 P 

A and B, respectively > + hti ) 

n ^p®kB + A(^kq 

.B.^. , , (7 . , , A,., , ,P r , ,B, 



max|M((7i[t.d.(A)]) + ht(pi[t.d.{-)]) + ht{^[t.d.i — )]) + M(^[t.d.(-)]) : 

qi qi Pi Pi q 

Pi Cp and gi C (jr are prime ideals of A and B, respectively | + 



ht( J ) 

< ht{P). 
Then the equality holds. 



Ccise 2. q' = q. Then p' C p. By inductive hypotheses, we get 

[^)])+ht{^[tM^)])+ht{^[t.d.i^: 

qi qi Pi Pi q 



ht{Q) = max|w(gi[t.d.(A)]) + ht{pi[t.d.{-)]) + W(^[t.d.(-)]) + M(^[t.d.(-)]) : 



Pi Q p' and qi Q q are prime ideals of A and B, respective ly|- 



Q 

hti— ;- ). Hence 

^p' ®kB + A^kq 



ht{P)< max{M(gi[t.d.(A)]) + M(pi[t.d.(^)]) + M(-f[t.d.(^)])+M(^[t.d.(:^)]): 
l qi qi p\ pi q 



Pi ^ p' and qi q are prime ideals of A and B, respectively |- 



P 

hti- ). 

>' <8)fe -B + ^ Ofe g 
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P B — P A p 

P'^.B + A^,, % = p'^,B + A^,, ^ ^ = 7' 

Since — ®k — — -. via Proposition 2.3. It loUows that 

p' q p' (S>kB + A(^kq 



htiP) < max(M(9i[t.d.(A)])+/it(pi[t.d.(— + [t.d.f— [t.d.(-)l) : 
L qi qi Pi Pi q 



Pi ^ p' and <li are prime ideals of A and B, respectively |- 



ht{l[iA.{^)]) + ht{ 



p' q p<^kB + A^kQ 

< niax|M(qi[t.d.(A)]) + M(pi[t.d.(-)]) + M(^[t.d.(— )]) + M(^[t.d.(-)])+ 

qi qi pi pi q 

p B 

ht{—[t.d.{ — )]) : pi Cp' and Qi C g are prime ideals of A and B, 
P '1 p 

respectively \ + hti — ) 

•"J "-p^kB + A^kq 

< max|/it(9i[t.d.(A)]) + /it(pi[t.d.(-)]) + /it(i-[t.d.(-)]) + ht{^[iA.{-)]) : 

L qi qi pi pi q 

Pi Cp and qi C q are prime ideals of A and B, respectively! + 
P 

hti ^ 1 ) 

< ht{P), and then the equality holds. 

Case 3. q' = (0). Then 

ht{P) = l + ht{Q) = x(^{.,{Oj),p) 

< t.d.(A) - t.d.(^) + M,[t.d.(^)]) + ^^ti ^^^B + A^^g ), by [3, Lemma 2.4] 

= ht(j)[X]) + ht{q[t.d.{—)]) + ht{ ), as A[X] is an AF-domain 

P P ®k -t> -r A. (K'fc Q 

< MipitMB)]) + htiqUM^)]) + htij^^p^^^), as t.d.(S) > 1 
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niax|M(gi[t.d.(A)]) + ht{pi[t.d.{-)]) + ht{^[t.d.{—)]) + M(^[t.d.(-)]) : 

qi Qi Pi Pi q 

Pi Cp e Spec{A) and qi C q e Spec(B)| + 



ht{ ^ z ), by (1) 

^p^kB + A<g)kq' ^ ^ ' 

< ht{P). 
Then the equahty holds, as desired. 

Step 2. B is an arbitrary fc-algebra. 

Let Po C Pi C ... C P/( = P be a chain of prime ideals oi A®}.B such that h = ht{P). Let 
go := Po n B. Then 



A^kqo A ®k qo Ai^ikqo A (8)fc qo A (8)fe qo 

B P 
is a chain of prime ideals oi A(i)k — and h = ht(P) = ht(— ). By Step 1, 

90 A ®k qo 



htiP) = ht( ^ ^ ) = max(/ii(-[t.d.(A)]) + /it(pift.d.(-)]) + ht(—[t.d.(—)])+ 
AiSikqo ^ qo qi qi Pi 

M( — [t.d.(— )]) -.piCpe SpecM) and go C C g e Spec(B)| + 



ht{ ^/(^^^^°) 



< 



p Ofe {B/qo) + A®k {q/qo) 

max|M(5i[t.d.(A)]) + /it(pi[t.d.(-)]) + /ii(^[t.d.(— )])+ 

qi qi Pi 

M( — [t.d.(— )]) : Pi C p e Spec(A) and qi^q& Spec(S)| + 



P 

ht[ ^ z ) 

< ht{P), then the equality holds establishing the desired formula. 

b) It is a direct consequence of (a) and [16, Proposition 2.3]. 

c) Let B be a fc-algebra. Let p G Spec(j4) and q G Spec(B). Applying (a), we get 
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ht{P)= ma^{/ii(gi[tA(A)]) + /ii(pi[t.d(^)]) + /ii(-f[t.d.(^)]) + /it(f [t.d.(:^)]): 
<- qi qi p\ pi q 



Pi C p and 91 C g are prime ideals of A and B, respectively| 
for each minimal prime ideal P oi p ®k B + A ®k q- It follows that 

ht{p^kB + A®kq) = niax|/ii(gi[t.d.(A)]) + /ii(pi[t.d.(— + [t.d.(— )])+ 

qi qi Pi 



ht{—[t.d.(—)]) : pi C p and gi C g are prime ideals of A and B, respectively!, 
»i a J 

P 

ht{P) = ht{p ®B +A ®k q) + ht{ ) 

^ ' ^ ' ^p®kB + A®kq 



,B 

Pi' ^ q 

and thus 



for each prime ideal P of A (^^ B such that p = P (1 A and q = P (1 B. Then A is a 
GAF-domain, as desired. □ 

Next, we present an example of a GAF-domain A such that A[n] fails to be an AF-domain 
for any positive integer n. 

Example 2.8. Let k be an algebraically closed field. Consider the /c-algebra homomorphism 
ip : k[X,Y] —> k[[t]] such that <^(X) = t and y:>{Y) = s := ^^t"'- Since s is known to be 

n>l 

transcendental over k{t), ip is injective. This induces an embedding : k{X,Y) — > k{{t)) 
of fields. Put A = 'ip~^ {k[[t]]) . It is easy to check that A is a discrete rank-one valuation 
overring of F] of the forme A = k + p, where p = XA. Note that, for each positive 
integer n, and since A is Noetherian, thus a locally Jaffard domain, 

ht(p[n\) + t.d.(-) = ht(p) + t.d.(-) = 1< 2 = t.d.(A). 
P P 

Then, via [5, Lemma 2.1], for each positive integer n, A[n] is not an AF-domain. Let B be 
an arbitrary fc-algebra. Let P be a prime ideal of A(Sik B and q = P Ci B. If P n A = (0), 

then P survives in k{X,Y) g)^ B, and thus, by [5, Lemma 1.5], we are done. Now, assume 

^ ' 

that P n A — p. Then, as t.d.( — ) = 0, P is minimal over p B + A (E)k q [16, Proposition 

P 

2.3]. Moreover, since k is algebraically closed, p (E)k B + A q i^ st prime ideal of A ®k B, 

Ai^kB A B 

as ;r = — (g)k — is an integral domain, by 17, Corollary 1, p. 198 . Hence 

p(g)kB + A^kq p q 
P = pi^kB+AiSikq, so that ht{P) = ht{p®kB + A()^kq)- It follows that A is a GAF-domain, 
as desired. □ 
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